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Introduction

In astrophysics there are several systems where a continuous uid has a velocity shear
or where two uids in contact are streaming in opposite directions and which, as time
passes, evolve to a turbulent regime where the two uids mix. This mixing process is
primarily driven by the Kelvin-Helmholtz Instability (KHI), where a small perturbation in

the interface between the two uids evolves to an instability in a curly shape ending up
with the mix of the two uids. The creation of this vortex, characteristic of the KHI, plays

a fundamental role in many astrophysical processes such as galaxy evolution (Agertz et al.,
2009), structure formation (Burkert, 2006) or clouds moving through the circumgalactic
medium (Sander and Hensler, 2021). Due to the importance of this type of instability
in nature, the KHI is commonly used to test numerical codes and, in particular, new
astrophysical hydrodynamics codes (Springel (2010) with AREPO, Hopkins (2015) with
GIZMO or Schaal et al. (2015) with TENET). If a code can reproduce this instability
properly, it is expected to properly capture the mixing and turbulence in astrophysical
simulations, which is fundamental if one wants to get the most accurate results. However,
in the past there has been some controversy with SPH schemes due to the fact that they
couldn't reproduce well the KHI (Agertz et al., 2007; McNally et al., 2012). This problem
remained unsolved until the introduction of the new Wendland kernel by Dehnen and Aly
(2012) where, with an increase of the number of neighbours, the KHI was nally successfully

evolved also with SPH codes (Tricco and Price, 2013; Hu et al., 2014).

The KHI is also a fundamental process in the evolution of bubbles and cold fronts

in the Intracluster Medium (ICM). This type of instabilities has been observed in cold
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fronts moving through the ICM (Breuer et al., 2020; Ge et al., 2020), which can lead to
a disruption of the cold front. The viscosity of the ICM plays a fundamental role in the
growth of the KHI and observations of these instabilities together with simulations can give
us an idea of the viscosity that the ICM has, which is still an open question. By measuring
the amplitude of the KHI observed and comparing these observations with simulations,
one could estimate the level of suppression experienced by the evolving perturbation and,
therefore, the amount of viscosity of the medium. There are several studies in this eld
(Roediger et al., 2013a; ZuHone et al., 2015), but still no agreement has been reached.
Other works analyse the e ect of the viscosity of the ICM with the evolution of buoyant

bubbles from AGN jets (Sijacki and Springel, 2006; Dong and Stone, 2009).

Figure 1: Galaxy NGC 1265 at 230-470 MHz. Color scales units are Jy bedm
We appreciate the KHI in the laments of the tail of the galaxy. Image taken from

Gendron-Marsolais et al. (2020).

This thesis is organised as follows: In chapter 1 we derive the equations of hydrodynamics
and give a detailed description of the numerical implementation of the Smoothed Particle

Hydrodynamics (SPH) and Meshless Finite Mass (MFM) schemes. In order to see how
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these two numerical schemes work, we test di erent parameters and implementations of
SPH and MFM in chapter 2. Then, in chapter 3, a deeper comparison between the two
schemes and the di erent implementations within each code is performed. In chapter 4
we derive the equations of hydrodynamics when also the viscosity is taken into account
and explain how it is implemented in our SPH codes. Then we perform an analysis with
di erent amounts of viscosity and their e ect in the evolution of the KHI. Finally, we test

di erent initial conditions in chapter 5 to see the e ect they have in triggering the KHI.
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Chapter 1

The theory behind SPH and MFM

Having numerical codes that reproduce the behaviour of uids in a realistic way is extremely
important to study uid dynamics and perform a number of experiments that cannot be
done in laboratories. In this process, we need to describe the equations governing the
motion of the uids. In this rst chapter we are going to derive those equations and see
how they are described in the numerical schemes we are going to use: Smoothed Particle

Hydrodynamics (SPH) and Meshless Finite Mass (MFM).

1.1 Equations of hydrodynamics

The particles in an ideal uid move following the so called "Euler equations' which describe
the conservation of mass, momentum and energy. We are going to derive these equations
following Landau and Lifshitz (1987) and Dullemond and Wang (2009). Let's rst de ne
the independent variables density (x; y; z; t), velocity ¥(X; y; z; t) and speci c energye(x;y; z; t).
To describe the uid we could also use the pressuf@(x;y; z;t), which is related to the
density following

P=A ; (1.1)

whereA is an entropic function which is constant during adiabatic processes andis the

adiabatic constant. It is important to note that the coordinatesx, y and z refer to a point
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in the space, not a speci c particle of the uid.

1.1.1 Conservation of mass

Let's now consider an arbitrary volume of the uidV. We can de ne the total mass inside
the volume asR dV. We write the surface of this volume asS, and the unit vectors
pointing outwards the volume asn. Now, considering the conservation of mass, we can say
that the change of the mass inside the volume is equals to the ow of mass that enters or
exits the total surface: ya |

@@t dv = ¥ NdS: (1.2)
We now use the Gauss's theorem which relates the ux of a vector eld through a surface

with the divergence of this eld inside the volume delimited by the surface

I z
¥ AdS= r (v)dV: (1.3)
We write equation 1.2 as
Z Z
@ dv = r (v)dv; (1.4)
@t
and thus, we can write the continuity equation as
@ _q-
@t+ r (v)=0; (1.5)
or in tensor form
@  @vy)
— + =0: 1.6
@t @x (1.6)

1.1.2 Conservation of momentum

For the conservation of momentum equation we can proceed in a similar way as in the
R

conservation of mass, where now the total momentum in a volumé is given by v dV.

In this case we also have to add an additional term for the external forces applied to the

H
volume along the surface  P+ndS. Thus we have

Z I I

@ v dVv = v¥ AdS PndS: a.7)

@t
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In order to be able to apply the Gauss's theorem again, we need to expré&ss asP1 1,

wherel is the unit tensor. By doing this change we have

@Z I
—_  vdv = (vv+ IP) wdS; (1.8)
@t
and applying the Gauss's theorem as before we get
@Z Z
at ¥ dV = r (wv+I1P)dV: (2.9)
Now we can write the conservation of momentum equation (also known Bsler's equation)
as
@@Zt) +1 (vv+IP)=0 (1.10)
which is the same as
Qv)
+ + = . .
ot r (vww)+rP=0; (2.12)
or in tensor notation
@v;) KA @
+ = . + .P)=0 1.12

Qvi) + @ Vi) + sz
@t Q@x @x

We can now de ne the momentum ux density tensor j as

0: (1.13)

ik = Vi + P (1.14)
and rewrite equation 1.12 as
@vi) @ i
= : 1.15
@t @x (1.15)

ik IS a tensor of rank two that describes théth component of the amount of momentum
owing in unit time through unit area perpendicular to the xy-axis (Landau and Lifshitz,
1987).

If we continue operating equation 1.11

Qv @

t¥—+ vr v+vr (¥)+rP=0; (1.16)

@t = ot
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where the second and the fourth terms cancel out due to the continuity equation (1.5), let

us write the Euler's equation as

@v 1 A
@t+(vr)v+—rP—O, (1.17)

and in index notation
@v,  @v _1@P_,

ot Yaxt Tex 19

1.1.3 Conservation of energy

Finally, let's de ne the total energy inside the volumeV asR e dV, whereeis the specic
energy. The change of the total energy with time is equals to the energy owing through
the surface plus the work produced from the outside. This work is given by the rst law
of thermodynamics and is de ned as P dV, which is the surface integral of Pv ndS.

So the energy conservation equation can be written as

@Z I I
at edVv = ev fdS P~ ndS (1.19)
@Z I
—. edv= (ev+ Pv) ndS: (1.20)
@t
and if we apply the Gauss's theorem we get
@Z Z
at edV = r [(e+ P)~dV: (1.21)

Now we can write the equation of conservation of energy as

@@;t) 41 [(e+P)4]=0 (1.22)
and in tensor notation
@e) , @ A
@"‘@[(e""a)vk]—o- (1.23)

1The total speci ¢ energy is the addition of the speci ¢ internal energy and the speci ¢ kinetic energy:

— 1,2
e—u+§v.
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1.1.4 Lagrangian form of the equations of hydrodynamics

We have already seen the Eulerian form of the equations, which describes a xed volume
and the uid owing through it. The idea behind the Lagrangian form is to follow an
element of uid and see how its properties such as density, pressure or energy, change
along the path. This description will also help us to understand the interpretation of the
physics behind the equations. In order to write the previous equations in a Lagrangian

form, we introduce the Lagrangian derivativé:

d @

—_ — 4+ : .

i ot Nor (1.24)
Introducing it into equation 1.5, we can write the continuity equation in Lagrangian

form as

@

—+r =0 1.25

ot T (M (1.25)

%t+ ¥yr +r v=0 (1.26)
d . v v=o: (1.27)
dt - . .

This equation tells us that when the element of uid is compressed (expandédjhe density
of this element will increase (decrease).

The Euler's equation (1.17) is straightforward to derive:

dv 1
— 4+ = =0: .
gt rP=0; (1.28)

which shows that the uid element will accelerate if a force is applied to it.
For the case of the equation of energy conservation we expand the derivatives and write:
@e @

@t+ e@t+ r (ev)+r (Pv¥)=0 (1.29)

2Note that one can nd the Lagrangian derivative with many di erent names in the literature: material

derivative, co-moving derivative, convective derivative... but they all mean the same expression.
3A compression (expansion) corresponds to a negative (positive) value of .
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@e @

—+e—+er (v)+ v retvyrP+Pr v=0: (2.30)

@t @t
Now the second and third terms cancel out due to the continuity equation 1.5 and the rst

and fourth terms can be written with the Lagrangian derivative (1.24), leading to

d P 1
d—(:+—r v+ v r P=0; (1.31)

which describes the variation of the total energy due to compression and external forces.
If we now use the de nition of the total energye = u + %vz and calculate the derivative

with respect to time
de du dv
— = — + Y
dt dt dt

Now substituting into equation 1.31 and using the Lagrangian form of the equation of the

(1.32)

conservation of momentum (1.28) we get that the change in the internal energy of the uid
parcel is given by
du P

E+ —r ~v=0: (1.33)

This equation describes how the internal energy of the uid increases (decreases) when the
uid is a ected by an adiabatic compression (expansion).

If we make use now of the rst law of thermodynamics we have
1
du=Tds Pd - (1.34)
and if we compute the derivative with respect time, we get
du ds d 1

du_Tds+P1d__

— =T+ - 1.

dt dt dt (1.36)
Using the continuity equation (1.27) we can write the equation above as

du_so P, . (1.37)

dt o dt
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and with the equation of internal energy (1.33), the term on the left-hand side of the
equation and the second term on the right-hand side cancel out, leading to

ds
el (1.38)

showing that the entropy is conserved along the path of our uid parcel. If we include this
result into equation 1.36 we can also write the change of the internal energy as

du_Pd

T (1.39)

1.2 SPH

Once we have de ned the equations of hydrodynamics, the next step is to describe all
these equations numerically in order to be able to simulate the behaviour of the uids. In
this project we are going to focus rst on a SPH description of the equations (Lucy, 1977;
Gingold and Monaghan, 1977), which is a Lagrangian description based on interpolating
the physical quantities among the particles around. The uid is discretized in a set of
moving particles with mass that move with the velocity of the uid and describe its
properties. To do the interpolation we use a weight function (kernel) that gives weight to
the particles around the point we want to focus on to calculate a given uid quantity. To
see this in a clearer way, let's do an example calculating the density.

The question arises immediately: how can we compute the density from a distribution
of point mass particles? The rst idea we can think of is to divide the whole domain in
cells and calculate the density by dividing the mass inside these cells by the volume of each
cell. The problem of doing this is that you can oversample (undersample) dense (sparse)
regions and there is also a loss of accuracy. We could think that, instead of establishing a
xed grid, we could draw a sphere around the desired point and compute the density by
dividing the mass of the patrticles inside the sphere by the total volume of the sphere

i JN=1 mj

= gt (1.40)
| %R3

“Note that when we refer to particles we don't mean real particles, but comoving coordinates.
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With this approach we could de ne a bigger sphere for sparse areas and a smaller one for
denser areas, reducing this way the over and undersampling. The problem here is that the
sphere is very sensitive to particles near the edge and can introduce some noise. Whether
a particle is just near the border but outside the sphere can really make a di erence
compared to the case in which this particle is near the border but inside. So in order to
X this problem, we introduce a kernel that gives a higher weight to the particles that are
close to the point where we are calculating the density and a lower weight to the ones that
are further away (Price, 2012). This way we can calculate the density at the desired point

by summing up the weighted masses of all the particles inside a volume around it:

X\I . .
i = m; W(jri  rjj;hy); (1.41)
j=1
where hereW (jr; r;j; h;) is the kernel, which depends on the distance between the particles
and the smoothing lengthh;. This smoothing length determines the rate of fall-o of the
kernel and is de ned as

1=d
h= T . (1.42)

where species the smoothing length in units of the average particle spacing ardl
indicates the number of spatial dimensions of the system. The number of neighboiNs
(see the de nition of neighboursbelow) is usually kept constant by choosing the appropriate
h.

The kernel satis es the normalisation
Z
W(r  rjh)dv =1; (1.43)

but it also must satisfy the following properties in order to be a suitable function for our
purpose: It must be positive, decrease monotonically and have smooth derivatives; it must
be symmetric and it must atten in the center so that it doesn't overweight the density
of a close neighbour. With all these properties, the most suitable function we can think
of is a Gaussian. The problem with the Gaussian function is that its region of in uence

is in nite, so the number of interactions will be N2, whereN is the total number of the
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particles inside the domain. In order to decrease the computational cost, we want to nd
a Gaussian-like kernel with compact support, which means that the kernel is truncated at
a nite radius. The particles inside this nite radius (neighbours) are the ones taken into
account for the computation, reducing the number of interactions tdNyg, N now. This

is ful lled by the B-spline functions (Schoenberg, 1946; Monaghan and Lattanzio, 1985),

which are generated as the Fourier transform

1 4 sin(kh=2) "

Mn(x;h) = > . Kh=2 coskx)dk; (1.44)

and gives better approximations to a Gaussian the higher the orderis. It is continuous

up to the (n  2)th derivative and, since we need at least the rst and second derivative
to be continuous, the lowest order we can useis= 4, which corresponds to theM 4 cubic
spline kernel (Price, 2012). It is also the most common B-spline kernel used in SPH and is

de ned as

Wi (h) = S () (145

where Cnorm IS the normalisation constant andf (g) is a dimensionless function ofy =

jri  rjj=h. In the case of the cubic spline kernel in 30C,,;;m = 1= and

8
212 9° @ 9% 0 g=<i
f@=_12 o3 1 g<2; (1.46)
0: q 2
with the compact support beingR = 2h.
Once we have de ned the kernel, we can write the derivative of with respect to time

as
—=—  m(& %)r W(rhi); (1.47)

where ; is a term that depends on the derivative of the kernel with respect to the

smoothing length, de ned as
" #
. ent ewrh)
| ' @h

j=1

(1.48)
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The gradient of the density is given by

. Xy
= % = i mjr Wi (nhi)(k jk): (1.49)

Once we know how to calculate the derivative of the density with respect to time, using

j=1

the continuity equation (1.27) we get that
(r &),=——  m(% ™)r W(rhi): (1.50)

Making use of equation 1.39 we can also get the variation of the internal energy

dUi _ Pi X

E = 7 mj (V, ‘oj')r Wij (r, hi): (151)

j=1

In order to derive the acceleration we are going to use the Lagrangian of a perfect uid

(Eckart, 1960), given by 7

L= %vz u(:s) dv (1.52)
and if we discretize it, we get

L= g m; %ij u(j;s) - (1.53)

j=1

Now, the equations of motion for the particle are given by the Euler-Lagrange equations

d @L @L
- == = = 1.54
i @ev @ ° (159
The rst term is equal to the variation of momentum of the particle
d @L _d _
a @v a(mu’v‘u)1 (1.55)

while the second term, assuming that the entropg is constant, can be written as
=~ = m —- —L: (1.56)

From equation 1.39 we can see tha®u=@= P= 2 and we already know@ =@¢1.49), so
we can write the previous equation as

e._ X p X
@ir . Jjjz

i=1

mer Wi (nhi)(i wi): (1.57)
k=1
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So the equation of motion from the Euler-Lagrange equations (1.54) become

.2

r Wi (r;hy) + lzr i Wi (r;hj) : (1.58)
i=1 i I

If we use equation 1.32, together with the expressions we already have fordt and dv=dt,

we get the variation of the total energy

d X Piw P o
—e = m; _—;r iWij (r;hi)+ %r iWij (r,hj) : (159)

j:l I J J
Another option often used in SPH codes for ideal uids is to use the entropic function

A(s) de ned in equation 1.1 as the evolved variable, which evolves according to

dA(s) _ 1_|_ds_ 1 du Pd _ 1 du _
dt Lodt 1 dt 2dt 1 dt ’

diss

(1.60)

where the subscript \diss" refers to the dissipative part of the evolution of thermal energy.
Then the internal energy can be computed as

1

u=
1

A (1.61)

Since dA=dt is equal to 0 when there is not dissipation, using the entropic functioA has
the advantage that the evolution is independent of the time-integration algorithm (Price,
2012).

As a summary, the SPH code computes the density, velocity and internal energy of the

particles as follows:

X
j=1
dw X P, P;
d_tI - mj —r W (nhi) + —5r Wi (nhy) (1.63)
=1 i b
du; p, X
d_t' = _|2 m; (V, ‘oi)r Wij (I'; hi): (164)
P

| j:l
Once we have derived the basic equations of hydrodynamics in SPH, we are going to

write now a general description by considering a eld-(r) de ned at every position in
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space. We can interpolate this quantity using

Z
F(r)=  F@EYW(r rSh)dr® (1.65)
and if we discretize it, we get
RN .
F(ri) m; —W(jri  rjj;h); (1.66)

j=1 )
which corresponds to 1.62 iF(r;) = (rj). Using this we can write a general formulation
for any physical quantity. For the gradient we just take the derivative of equation 1.66 and

get
X e
rE@m)  m=r W rjh): (1.67)
j=1 )

If F(r) is a vector eld, we can also write the two following expressions

X .
r F()! m— r W(iri rj;h); (1.68)
j=t )

X R
r F(r)! m— r W(r rj;h): (1.69)
j=1 )

Although this can lead to poor gradient estimates, these expressions can give us a general

idea for interpreting SPH.

1.3 MFEM

Since the SPH equations are derived directly from the Hamiltonian, the discrete system of
particles is exactly conservative. This means that it has zero numerical dissipation, which
can be a great advantage because the numerical solution will not di use entropy or energy
arti cially. However, this can become a problem when dissipation is required physically.
When we have shocks or uid mixing that tend to increase the entropy of the system, an

arti cial di usion must be added explicitly ° (Price, 2011).

5This will be treated in more detail in chapter 2.
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When using a Godunov approach (i.e. grid methods), instead of discretizing the
uid in point mass particles as we did in SPH, we discretize the domain into cells that
contain the information of the uid in that particular region. Then, since there is a
discontinuity between the di erent cells, one must solve a Riemann problem consisting of
two piece-wise constant states that meet at a plane (Springel, 2014). The fact of solving a
Riemann problem between each pair of cells avoids the need of adding numerical dissipation
arti cially. Therefore, a solution would be to derive a mixture between the two methods:

a Godunov-like formulation to be a consistent Lagrangian meshless scheme from the basic
principles (Gaburov and Nitadori, 2011), the so called \Godunov SPH". This would have
the conservation properties of SPH, but the arti cial dissipation would come up naturally,

like in grid methods.

Hopkins (2015) introduced a method based on kernel discretization of the volume to
a higher-order gradient estimator and a Riemann solver between the particles inside that
volume, the Meshless Finite Mass (MFM) method. This allows the particles to move with
the ow; energy, mass and momentum are conserved and there is no need of arti cial

di usion terms.

For the derivation of the meshless equations of motion, we follow Hopkins (2015). First
we write the equations of hydrodynamics described in 1.1 as a system of hyperbolic partial

di erential equations in a frame moving with velocity ¥ame

@ +r (F “ame U)=0; (2.70)

@t

where is the inner product and the outer product. U is the \state vector" of the
conserved quantities
1

0O 1 O
U= %V§ = % v § (1.72)
e

U+
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and the tensorF is given by 0 1
2%
F= %-\/ v+ PIE : (1.72)
(e +P)v

In order to solve it, we are going to employ the discontinuous Galerkin method, where
we introduce a weak formulation of 1.70 by multiplying a test function to equation 1.70
(Luo et al., 2008). We now integrate over the volum& and using an integration by parts

of (r F)we get
I

v Fr dav+ (F ) AdS=0; (2.73)

dt
where we have used the Lagrangian derivative (1.24) with the frame velocity and the
Gauss's theorem (1.3). (¥;t) is taken to be a di erentiable Lagrangian function (d=dt =

0). Assuming that the uxes F and/or vanish at in nity, we can set the second term on

the left-hand side to zero and write equation 1.73 as
Z Z
% Uu dv Fr dv=0: (1.74)

For discretizing this integral, we consider a di erential volume ¥ and we partition it
fractionally among the neighbours assigning a weight to each of them with a kern/l(j+
]; h) as it is done in SPH. Each fraction of the volume is given by
W(* £j:h
(9= WO _riih)

j=1

: (1.75)
W(*  fih)
This weighting function indicates how the partition of the volume is made at any point
+ among the volumes associated with the tracer(Hopkins, 2015). All the properties we
explained for the SPH kernels apply to this kernel as well (see section 1.2). If instead of
this weighted partition, we had divided the volume with a Voronoi mesh, we would have
obtained the moving-mesh method codes like AREPO (Springel, 2010). Applying this
de nition of the volume partition to an arbitrary function f () to second order accuracy
we get

z X £ X z X

f(HdV = f(H jdv = fi(r) dV+O() = fVi+O(h); (1.76)
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R
whereV;, = (¥)dV is the \e ective volume" of the particle i. If we now apply this to

equation 1.74, we get

d X X X d
a ViU; ViIFi (I )e=r = ia(viui) ViIFi (r )e=r =0; (1.77)

i i i
where ¢ )= IS the gradient of evaluated at+ = f.
For the estimate of the gradient, we use locally-centered least-squares matrix gradient
operators, which can exactly reproduce polynomial functions across the particles independently

on their spatial con guration. For a second-order accuracy we have

X X X
(rf) = (f; f)B; (5 ) j(r)+OMH= (f; f)T(x) (178

i = j
X
JE)= B (5 f) j(r): (1.79)
=1
The matrix B; is evaluated at each by taking the inverse of matrix E;

Bi=FE" (1.80)
E. = (5 ®)((5 £ j(8): (1.81)

Making use of this computation of the gradient (equation 1.78), the second term of equation

1.77 can be written as

X X X X X
ViFp (r ) = ViFi ()G (R)= i (VR T (R) ViR T ()
i i j i j
(1.82)
SO we can write equation 1.77 as
|
X d X '
(VU MF T (R) ViR ()] =0 (1.83)
j

The inside of the parenthesis must be zero, so we get an expression independent of the test

function
X

S+ ME TR VE (=0 (184)
J
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If we now calculateF at positionsi and | independently, we will need arti cial dissipation,
as happens in SPH. Instead of that, we calculate the ux between these two particles by
solving a Riemann problem, which automatically includes the dissipation terms. We write
the expression above in terms of the uxFj between the two particles

X
LU+ R (R) Y (1= (1.85)
J

Finally, we de ne A5 = jA; inj , where&A; = Vi 7 (1)) V, 7 () and the equation becomes

d X
a(\/iUi)+ | Fiy Aj =0: (1.86)
j
The temporal evolution of the particle-volume integrated value of the conserved quantity
of particle i depends on the sum of the uxe$; through an e ective areaA;; .

Since the uxes are computed directly from the conserved quantities between the
particles, the conserved quantities described by the equations of hydrodynamics (mass,
linear momentum and energy) will be conservéd

Mainly, SPH is a Lagrangian scheme that discretize the uid in particles. The evolution
is computed following the motion of the particles with the uid and the physical quantities
are calculated interpolating among the particles around. This allows a perfect conservation
of the energy and entropy with zero intrinsic dissipation. On the other hand, the MFM
schemes also follow the motion of the particles, which allows the conservation of energy;
but the computation of the physical quantities is done by solving a Riemann problem

between the interacting particles. This produces di usion, which is needed in many physical

processes, but it is also more expensive computationally.

SFor a more detailed explanation of the scheme, see Gaburov and Nitadori (2011) and Hopkins (2015).
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Selection of the parameters

Once we have explained the equations that describe the movement of the uids and how we
solve those equations using numerical schemes (in our case SPH and MFM), the next step
in the process is to test the codes. In order to do it, we need tests of which we know the
solution. If we are able to reproduce the results expected in those tests, we could rely on
the code for more complex systems. In this project we are testing the SPH and the MFM
codes with the Kelvin-Helmholtz Instability (KHI), a really common test in hydrodynamics

to see if the codes perform well or they need some improvements.

As we have mentioned in the introduction, there has been some controversy during
the past years due to the fact that people couldn't develop the KHI using SPH codes
(Agertz et al., 2007; McNally et al., 2012) and, since these kind of instabilities are key
in uid mixing, getting them grow became a challenge. In this chapter we are going to
perform di erent tests using OpenGadget3 in order to see which parameters are necessary
to reproduce the KHI. We are going to start from a similar version of the so called “standard'
SPH (Springel, 2005) and we are going to add di erent improvements to the code as it is
done in Beck et al. (2015), explaining every di erent implementation we consider. The aim
of this chapter is to be able to determine the parameters we need to implement within our
code in order to reproduce the instability and test the impact that the addition or lack of

these parameters has in our simulations. Additionally, we are also going to try to develop
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the instability using MFM codes, testing them in a similar way to SPH. In this rst chapter
we are going to analyse the growth of the instability from a qualitatively point of view,
checking that the shape corresponds to the one we expect. In the following chapters we
are going to analyse the intrinsic properties of each code quantitatively and compare them

to try to determine the most appropriate parameters to use.

2.1 Kelvin-Helmholtz Instability

The rst thing we must do is to introduce the instability we are going to analyse. The KHI
arises when two uids in contact move in opposite directions, where the shear velocity, and
possibly the density, changes discontinuously at the interface. This shear ow is unstable
and a small perturbation causes exponential growth of velocity orthogonal to the ow. This
leads into vortices that curl back upon themselves forming the typical KHI rolls (see gure
2.1). Once the instability becomes non-linear, secondary instabilities appear generating
turbulence and mixing the two uids along the interface (McNally et al., 2012; Tricco,

2019).

Figure 2.1: Scheme of how the KHI is triggered (modi ed image taken from KHI cloud

structure).

From a linear analysis in two dimensions, one can derive that the time evolution of the
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y-velocity of the perturbation evolves exponentially ( exp[i n t]). nisthe mode of the

perturbation and is given by
n r #
) k 2 2Kk4
n= kK( w?( 2 1) *i > T+4k2( Ww)? 12 (2.1)

where k is the wavenumber of the perturbation, v, is the di erence between the two

velocities, is the viscosity and ; and , are de ned as

1= ! X 2 = 2 X (22)

The real part of equation 2.1 describes the oscillation provoked by the perturbation (which
is not of interest here), while the imaginary part determines the growth or decay of the
instability damped by a viscosity . The positive solution of the square root leads to an
exponential decay, whereas the negative solution to and exponential growth, which is the
case of the KHI (Junk et al., 2010).

2.2 Initial conditions

To set up the initial conditions for the simulations, we follow the ones suggested by Beck
et al. (2015). We create a 3D box with 774144 particles of equal mass € 3:13 10 8) set
up using a cubic lattice with periodic boundary conditions. The size of the box in internal

units? is x =256, y =256 and z =8 and the domain satis es:
8

< .. L
(T v < 64

' Tivg = o Jy] (2.3)
2, To; Vo ]y > 64

where the densities are; = 6:26 10 8 and , = 3:13 10 8; the temperaturesT; =

25 100 and T, = 5 1 and the x-velocities v; 40 andv, = 40. The density and

temperature ratio given byR = =, = T,=T; is constant and equals to 2, ensuring a
pressure equilibrium in the system. With these initial conditions we get a Mach number

of M1 = vy=¢ 0:23 for the rst uid and M, = wv,=¢ 0:17 for the second one.

LFor a complete derivation see Junk et al. (2010).
2The conversion from internal units to physical units can be seen in table 2.1.
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In order to trigger the instability we add a small perturbation in the y-velocity at
Yint = 64 (equation 2.4), similar to the one introduced by Read et al. (2010) but varying

the values so it can be adapted to our initial conditions:
" I I#
2

_ 2
V= v, sin 2 (x+ =2) exp Y Yt Y+ Yint

+sin 2x exp
(2.4)
where = 128 is the wavelength of the perturbation, vy, = jv,j=10 = 4 is the amplitude of
the perturbation and =0:2 is a scale parameter to control the width of the perturbation
layer (Junk et al., 2010).
With these initial conditions, we can calculate the dynamical timescale of the perturbation

with equation 2.5 (see derivation in appendix A)

SYS %: (2:9)

With our values we get a growth time of vy = 3:39. This means that the velocity of the

KHI will grow exponentially until approximately t = 3:39.

Physical Magnitudes Mass Time Length Temperature
Physical Units (Code Units)| 10°M 1%BCs 1kpc 1K
Physical Units (cgs) 1:989 10%g | 3:086 10'°s | 3:086 10?*cm 1K

Table 2.1: Conversion of one unit from internal to physical units. In this text we will

always refer to internal units.

2.3 Smoothed Particle Hydrodynamics

Once we have de ned our initial conditions in order to reproduce the Kelvin-Helmholtz
Instability, we can start running the simulations. We are going to start from a basic SPH
code and we are going to keep adding di erent features to improve it in order to get the

results we expect. In each step we are going to explain how that implementation works
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and why it is relevant for the correct operation of the code. In this project we are going to
use OpenGadget3 (Beck et al., 2015), which is an improved version of Gadget2 (Springel,
2005).

2.3.1 Standard SPH

As we have already mentioned, the rst code we use is a similar version to the “standard'
SPH implemented in Gadget2. We don't use the actual "standard' SPH, but instead of it
we have disabled some features already implemented in Gadget3 in order to have a similar
behaviour. In this version, we are using a cubic spline kernel without bias correction and 64
neighbours. This version also uses a constant viscosity, no conductivity and no wake-up

(in the next sections we will explain each of these features).

After running this rst simulation, we get what we see in gure 2.2.

Figure 2.2: Colormap of the density for the basic SPH &t=3, t =4, t=6and t=7.

Under these parameters the instability does not develope, as it was suggested in the
literature already mentioned. The results show a small growth of the instability, but much
smaller than the one expected. Also, the mixing is nonexistent due to the arti cial surface
tension between the two uids, meaning that this basic SPH is not good enough to simulate

the mixing of two uids.

3For a more detailed description of the code, see Springel (2005) and Beck et al. (2015).
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2.3.2 Addition of arti cial conductivity

One of the best characteristics of SPH is that, since it is built from the Lagrangian, it
conserves energy and entropy intrinsically and doesn't di use or dissipate energy arti cially,
which doesn't happen in grid codes (see sections 1.2 and 1.3). Unlike SPH, in grid codes
the discretization of the domain and the computation of the quantities between the cells
solving a Riemann problem introduces a numerical di usion (Springel, 2014). Although
this is a huge advantage for SPH, it can also be a big disadvantage. If we don't treat the
discontinuities properly, we will never be able to reproduce the correct mix of two uids
(see gure 2.2). When the two uids in the KHI mix, the entropy of the system tends

to increase and, if the code doesn't allow this, these uids will never mix. SPH has zero
intrinsic (numerical) dissipation, which means that it must be added arti cially.

In order to solve this problem, Price (2008) introduced an arti cial conductivity (AC),
which removes the surface tension and allows the mix between the two uids. If we
implement this arti cial conductivity in our code, we can see that the surface tension
is no longer a problem and the two uids start mixing ( gure 2.3).

In OpenGadget3, the AC implemented can be time dependent, as described in Beck

et al. (2015). The variation of internal energy due to AC is given by

d—tl —"J(Uj Ui) ﬁVEIg'CFij ; (26)
cond j=1 1
where F = (Fj (h) + F; (h;))=2 is the symmetrised scalar part of the kernel gradient
terms r Wy (hi) = Fy fy; § =( {+ {)=2is the symmetrised conduction coe cient
and vﬁig;c is the signal velocity. The signal velocity depends on the pressure gradient, as

suggested by Price (2008) S
sigic _ jPi ij .

VIJ

2.7)

The AC coe cient is de ned as

L (2.8)
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where the time dependence is given by the internal enefggnd the gradient of the internal

energy, which is computed using

1 X
(r U)i = - m; (Uj ui)r iWij . (29)
=1

When [ is bigger than a threshold value (in our casenax = 1:0), the value of [ is set
t0  max; While if it is smaller than a minimum value (we set ., =0, so in our case there
was not minimum value), ¢ is setto min.

However, in our simulations we set a constant arti cial conductivity (unless otherwise

speci ed, see section 3.5.1) with an AC coe cient of 7 = 1:0.

Figure 2.3: Colormap of the density for the "standard’ SPH + arti cial conductivity at
t=3,t=4,t=6andt=7.

With the implementation of the arti cial conductivity the problem of the surface tension
is solved, but we still don't get the roll shape of the KHI, which means that arti cial

conductivity is not the only feature we have to add to our code.

2.3.3 Selection of the kernel

By adding the arti cial conductivity we have solved the problem we had with the surface
tension, but we cannot reproduce the typical roll of the KHI yet. Read et al. (2010)

explained that the fact that the particles are not perfectly arranged and that there is some

4Since the internal energy evolves with time, the dependence off with u; also implies a dependence

of ¢ with time.
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level of particle disorder can introduce some error, the so calledy Error'. This error

is the attempt of SPH to restore the particle order and it can dominate the simulation
resulting in a wrong performance of our code (Price, 2012). A density step (which is the
case of our simulations) is a clear case of an irregular particle distribution, suggesting
that the fact that our code fails to reproduce the correct mixing in our runs can be due
to this type of error. The best way to reduce the "k error' is to increase the number

of neighbours with which the code computes the density. The problem is that with a
cubic spline kernel, a high number of neighbours leads to “pairing instability' (Schuessler
and Schmitt, 1981), produced when two particles are very close to each other. When
decreasing the distance between the particles, the pressure gradient reaches a maximum
and, if the distance decreases even more, the force instead of being repulsive, it becomes
attractive, causing that the two particles form a \pair" and they end up collapsing in the
same positioR.

Dehnen and Aly (2012) demonstrated that those smoothing kernels whose Fourier
transform is not non-negative will always produce pairing instability for a large number of
neighbours and, to solve that, they proposed a Wendland function (Wendland, 1995) as a
kernel. This type of function has a Gaussian-like shape with compact support and, unlike
the B-spline functions, has a non-negative Fourier transform, which means that it is stable
for any number of neighbours. The kernel for a Wendland function is de ned by equation
1.45, but with Cpoim = 1365=512 and

8
21 DBUAP+ B +4q+1); q<2;

f(q):>( DE@4? + = q+1); q (2.10)
© 0 q 2

for the case of aC® kernel in 3D (Price et al., 2018), the one that we are going to use in
our simulations.

In this section we have used the same parameters as in the section before, but we have
changed the cubic spline kernel for a Wendlan@® kernel with 295 neighbours.

Figure 2.4 shows that with a higher number of neighbours we can nally get the KHI

5In appendix B we can see the e ect that the pairing instability has in our simulations.
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